The relationship between MS and pole masses of the vector bosons Z and W is calculated at the two-loop level in the Standard Model. We only consider the purely bosonic contributions which represents a gauge invariant subclass of diagrams. All calculations were performed in the linear R ξ gauge with three arbitrary gauge parameters utilizing the method of asymptotic expansions. The results are presented in analytic form as series in the small parameters sin 2 θ W and mass ratio m 2 Z /m 2 H . As a byproduct we obtain the bosonic two-loop contributions to the renormalization of the weak mixing parameter sin
Introduction
Precision Physics of the electroweak gauge bosons Z and W started about 12 years ago at the LEP storage ring with the ALEPH, DELPHI, L3 and OPAL experiments and ended just recently with the dismantling of the LEP installation. In particular the very accurate determination of the masses and the couplings to the fermions revealed unexpectedly rich information about the quantum correction of the Standard Model (SM) [1] . Calculations of higher order corrections thus gained increasing importance. At the one-loop level these calculations were completed before LEP started operating in 1989 [2] . These SM predictions enabled an indirect determination of the top mass which culminated in the top discovery at the Tevatron. Now after the top mass has been fixed with rather good accuracy, the indirect bound to the Higgs mass, the last missing SM parameter, is the main goal. The knowledge of the actual value of the Higgs mass is extremely important because it determines how Higgs physics will look like at future colliders like the LHC or TESLA [3] . Since the sensitivity of SM predictions on the Higgs mass is weak the precise meaning of the indirect Higgs mass bounds depend crucially on the accuracy of the theoretical predictions. Fortunately a lot of important theoretical progress has been made in the last decade with the calculation of leading and some sub-leading two-loop effects [4] - [9] . However no complete two-loop calculation could be achieved so far, because such calculations are hampered by the dramatic increase in complexity encountered in such calculations. How important the precise evaluation of radiative corrections is illustrates the following fact: taking only the leading corrections, the shift ∆α em in the fine structure constant and the quadratic top mass correction ∆ρ top in the relationship between neutral and charged current effective couplings, predictions are about 10σ off from the data for most of the precisely known observables like sin 2 θ ℓ eff or M W [10, 11] . Thus the sub-leading effects are huge in relation to current experimental precision. Therefore the issue of sub-leading two-loop corrections has to be taken very seriously. They easily may obscure the interpretation of the indirect Higgs mass bound obtained from LEP experiments by using SM predictions which are incomplete at the two-loop level.
Although we are a long way from filling the gap we are able to present a new set of corrections which could be potentially important: the full bosonic 2-loop contributions of on-shell massive gauge boson propagators. Also after the shutdown of LEP it is important to continue such calculations because the question how additional corrections affect the Higgs mass bound can be answered retrospectively, once given the LEP/SLC precision measurements.
We are considering here two-loop contributions relevant for 2 → 2 fermion processes, which were precisely investigated at LEP1 and SLC, and in future eventually may be investigated at much higher precision if TESLA with the GigaZ option is realized.
The most recent essential progress here was achieved in the calculation of the top-quark contributions to the two-loop electroweak corrections. The corresponding contributions to the ρ-parameter were considered in [6] , the one's to ∆r which determines the M W − M Z relationship in [7] and to the Z boson partial widths in [8] 5 . Two different approaches-the asymptotic expansion method [12] and numerical integration [13] -have been used to perform these calculations. One of the important steps of these calculation is the two-loop renormalization of the gauge boson masses, contributing to the sin 2 θ W renormalization [14, 16] . In the SM so far no complete analytical calculation of the two-loop renormalized propagator has been carried out [17] . The first available results were given for zero external momentum [5] , when the original diagrams may be reduced to a set of bubble-type integrals with different masses [18] . In [19] the two-loop unrenormalized fermion corrections to the gauge boson propagator have been presented for off-shell momentum in the general linear R ξ gauge. The results are presented in terms of scalar master integrals with several different mass scales, the masses of fermions and bosons. For the evaluation of these master diagrams analytical results [20] or one-fold integral representations are available [21] .
The aim of the present paper is to present a calculation of the two-loop bosonic contributions to the radiative corrections which renormalize the relationship between MS and on-shell masses of gauge bosons (W, Z) within the Standard Model.
The paper is organized as follows. In Section 2 we briefly reconsider the definition of the pole mass of the massive gauge bosons within Standard Model. The calculations have been performed with the help of computer programs which will be described in some detail in Section 3. In Section 4 we discuss the UV renormalization of the pole mass and the interrelation of our results with the standard renormalization group approach. In particular we make several cross-checks of the singular 1/ε 2 -and 1/ε-terms. The numerical results for the finite parts are presented and discussed in Section 5. For further technical details and some useful formulae we refer to four appendices. In Appendix A we collect results for the one-loop propagator type diagrams. Special attention is given here to the ε-parts of the corresponding integrals which are needed for the two-loop calculation. Appendix B and C collect one-loop results in d = 4 and d = 4, respectively. They are included for completeness. In Appendix D we present the analytical coefficients which are the main results of our investigations.
Pole mass
The position of the pole s P of the propagator of a massive gauge boson in a quantum field theory is a gauge invariant quantity. Generally it is located in the complex plane of p 2 and has real and imaginary parts. We write
The real part of Eq. (2.1), M 2 we call the pole mass 6 , while the imaginary part is related to the width Γ of particle. This is the natural generalization of the physical mass of a stable particle, which is defined by the mass of its asymptotic scattering state. The pole s P is a solution for p 2 at which the inverse of the connected full propagator equals zero, i.e. 2) where Π(p 2 , · · ·) is the transversal part of the one-particle irreducible self-energy. The latter depends on all SM parameters but, in order to the keep notation simple, we have indicated explicitly only the dependence on the external momentum p and in some cases also m, where m is the mass of the particle under consideration. This can be either the bare mass m 0 or the renormalized mass defined in some particular renormalization scheme. For the remainder of the paper we will adopt the following notation: capital M always denotes the pole mass; lower word m stands for renormalized mass in the MS scheme while m 0 denotes the bare mass. In addition we use e and g to denote the U(1) em and SU(2) L couplings of the SM in the MS scheme.
In perturbation theory Eq. (2.2) is to be solved order by order. To two loops we have the following gauge invariant solution of (2.2)
which yields M 2 and width Γ at this order. Π L is the L-loop contribution to Π, and the prime denotes the derivative with respect to p 2 . In this way we need to evaluate propagator type diagrams and their derivatives at p 2 = m 2 . Diagrammatically the self-energy contributions are shown in Fig. 1 .
The free propagator of a massive vector boson in the linear R ξ gauge reads 4) where ξ is a gauge parameter. We decompose the vector boson self-energy
In (2.3) only the transverse part contributes and the dressed propagator reads
The simple relations between the full propagator and the irreducible self-energy only hold if there is no mixing, like for the W -boson. In the neutral sector, because of γ − Z mixing, we cannot consider the Z and γ propagators separately. They form a 2 × 2 matrix propagator, so that (2.2) is modified into (see details in [16, 22] )
We note that the Π 2 γZ mixing term starts to contribute at the two-loop level. Obviously, we do not need to compute Π γγ here since it starts to play a role only in the three-loop approximation.
The non-zero imaginary part (width) (2.1) of the on-shell gauge boson self-energy appears as soon as the fermions are included. For the bosonic contributions alone the imaginary part of Π(p 2 ) on the mass-shell is zero.
Program part
In order to find the relations between the pole masses M shown in Fig. 1 . In order to be able to work with manifestly gauge parameter independent renormalization constants we have to include the Higgs tadpole diagrams. While at one-loop order we have about 50 diagrams, in the two-loop approximation the number of diagrams is about 1000, which requires an automatized generation and evaluation of diagrams. We use QGRAF [23] to generate the diagrams and then the C-program DIANA [24] to produce for each diagram an input suitable for our FORM [25] packages 7 . For two-loop propagator type diagrams with several masses a complete set of recurrence relations is given in [26] . It allows us to reduce all tensor integrals to a small set of so-called master-integrals. However, the master-integrals which show up in the SM are not expressible in terms of known functions but may be written e.g. as one-fold integrals [21] . Instead of using these explicit formulae we resort to some approximations here, namely, we perform an appropriate series expansion in mass ratios 8 . Each coefficient of this series can be calculated analytically by means of the asymptotic expansion algorithm described in [12] .
7 DIANA generates additional information, e.g. identifying symbols for the particles of the diagram and their masses, distribution of integration momenta, number of fermion loops etc. 8 For diagrams with several different masses, there may exist several small parameters. In this case we apply different asymptotic expansions (see [27] ) one after another.
To keep control of gauge invariance we work in a R ξ gauge with three different gauge parameters ξ W , ξ Z and ξ γ . The corresponding free vector boson propagators (2.4) thus exhibit the new masses √ ξ W m W and √ ξ Z m Z in the propagators. This complicates the calculation enormously both in Tarasov's algorithm as well as in the asymptotic expansion approach. With the first method the presence of new masses in both the reduction formulae and the Gram determinants leads to cumbersome expressions which are difficult to simplify. In the asymptotic expansion approach the unphysical parameters ξ W m 2 W and ξ Z m 2 Z define two new scales. Of course, in order to keep things manageable, we have to keep the number of scales as small as possible. This can be done by expanding diagrams about some fixed values of the gauge parameters. Three different regimes of expansion are feasible: a) ξ → ∞, b) ξ → 0 and c) ξ → 1. We choose the last possibility expanding the original propagators at ξ i = 1 in a Taylor series. For the purpose of checking the gauge invariance of our results it is sufficient to keep the first three terms of the expansion, so that the propagators of the vector bosons and associated Higgs scalars ghosts look like four prototypes are required (in terms of notations used in [31] ): F11111, F11110, F01111 and F01101.
For independent verification of the input, the Feynman rules and the evaluation we performed calculations independently in Euclidean (M.Yu.K) and Minkowski (O.V.) spacetime and got full agreement between the two 11 .
UV renormalization in the MS scheme
Here we describe in more detail the renormalization procedure. It is well known that the pole mass in QED/QCD is a gauge independent and infrared stable quantity to all orders of the loop expansion [34] . To renormalize the pole mass at the two-loop level requires to calculate the one-loop renormalization constants for all physical parameters (charge and masses), and the two-loop renormalization constant only for mass itself. Not needed are the wave-function renormalizations or ghost (unphysical) sector renormalizations. The above mentioned basic properties of the pole mass are valid also in the SM. In order to obtain a gauge invariant result in the SM, however, we have to add in a proper way the tadpole contributions [16] . The tadpole terms are due to the vacuum expectation value (VEV) of the Higgs field, which does not vanish automatically. By a constant shift we can adjust the Higgs field to have vanishing VEV, however. Since here the Higgs field is integrated out in the path integral the result cannot depend on whether we perform a shift or not. Thus, in particular, if we take into consideration all diagrams shown in Fig. 1 we get a gauge invariant result for the pole mass up to two loops in terms of the bare parameters. The tadpole contribution can be calculated either from tadpole diagrams 12 or from Ward identities, which connect the tadpoles with the one-particle irreducible self-energies of the pseudo-Goldstone bosons Π φφ at zero momentum Π
where
We performed both type of calculations and obtained full agreement. Diagrams contributing to the Z-boson pole mass do not contain infrared singularities at the two-loop level. Infrared finiteness of the W -boson mass was proven in [35] . We also give an alternative proof of this statement for our case.
In our calculation dimensional regularization [36] is used, which allows one to regularize both UV and IR singularities by the same parameter ε related to the dimension of space-time by d = 4 − 2ε. We first perform the UV-renormalization within the MS scheme in order to obtain finite results. In a next step we find the relation between the pole and MS parameters. We adopt the convention that the MS parameters are defined by multiplying each L-loop integral by the factor (exp(γ)/4π) εL . Each loop picks an additional factor 1/16π 2 .
One-loop charge renormalization
The bare charge e 0 and MS charge 13 e are related via e 0 = µ ε e 1 + Z . At the same time, the relation between the MS and the on-shell charge reads e = e OS 1 + z
, where e OS is defined by the Thompson limit of Compton scattering. The electromagnetic Ward-Takahashi identity implies that some of the diagrams cancel, such that z
OS at the one-loop level can be written in terms of self-energies only [15] 
UV-finiteness of z
OS implies
This may be confirmed also by using a renormalization group analysis of the SM keeping the Yang-Mills and the Higgs sector only. From the relation
where g ′ and g are the U(1) and the SU(2) gauge coupling constants, respectively, it is easy to deduce that
The β-functions β
g,g ′ may be calculated in the unbroken theory. They have been calculated in [37] . We see that the above result is in agreement with (4.3) if we take into account that (
Mass renormalization
We introduce the following notation for the mass renormalization constants 6) where V stands for any of the bosons Z, W or H. In addition to the masses we have one coupling constant as a free parameter of the SM which we have chosen above to be e = g sin θ W . The one-loop mass counter-terms are well known [16] . For the purely bosonic contributions we have
non-polynomial nature of the perturbation expansion in the SM. Due to the mixing, the actual Z coupling reads g 2 + g ′ 2 = g/ cos θ W etc. In the dimensionless mass ratios the factors v 2 drop out and we have in fact just ratios of couplings. To a large extent this is a trivial consequence of factorizing out powers of g 2 which cancels against such factors which appear in the denominators of the Z (1,1) V 's. However, there are also true inverse powers of the Higgs self-coupling present. They originate in the tadpoles which we need to add for the sake of the gauge invariance.
Our results for the two-loop mass renormalization constants are as follows: 
V,0 = 0 and repeating the calculations given in [38] we find
V , (4.14)
and (4.15) can be written for each loop corrections separately. In particular, for n = 1, we have
such that the coefficient of the n = 2 poles can be checked via
The value of the β
16π 2 is defined by relation 17) where β
( 1) e is given in (4.5), and cos
Z . Independent verification of the 1/ε terms can be obtained from the relationship e 2 = g 2 sin 2 θ W , which is valid for bare and MS renormalized quantities. Differentiating the renormalized quantities with respect to ln µ 2 we find 18) or for the two-loop case
The two-loop β-functions for g and g ′ are given in [39] and read
The fact that after UV renormalization we get a finite result confirms the infrared finiteness of the bosonic contribution to the pole mass.
Let us write now the RG equation for the effective Fermi constant G F . The bare relations are
Both these relations are valid also for MS renormalized parameters, so that their differentiation with respect to ln µ 2 gives rise to the relation
where we introduced the anomalous dimension of the Fermi constant
and we used the results of Ref. [16] for the fermion contributions. The first term proportional 1/m 2 H is the contribution from the tadpoles. The appearance of the tadpole terms is somewhat mysterious, since we know that in renormalized observables tadpoles drop out. Here they seem to contribute to the renormalization group evolution of the Fermi constant. In any case the tadpoles are present in the relationship between the bare and the renormalized parameters. At the two-loop level, our results allows us to write the bosonic corrections only. They are given by The equations (4.24) and (4.25) are written in MS scheme. As usual in this scheme, in solving the renormalization group equation
the decoupling of the heavy particles has to be performed "by hand". This means that for low values of the energy scale µ, when µ < m H , m W , m Z , the bosonic terms on the r.h.s. are equal to zero while the light fermion contributions proportional to G F m 2 f are tiny. Consequently, below the W mass, the effective Fermi constant does practically not change with scale. Obviously, the running of G F only starts at about µ ∼ m Z , when the scale of a process exceeds the masses of the bosons. Also the top quark will contribute once we have passed its threshold.
Results, discussion and conclusion
After UV renormalization the pole mass
is a finite expression 14 . For the massive gauge bosons Z and W we write
where both e and sin θ W are to be taken in the MS scheme. The one-loop coefficients X
V for Z, W and H are known of course as exact results. We write them down for completeness in Appendix B. For the coefficients A Sometimes in massive multi-loop calculations the so-called modified MS scheme (MMS) is used [40] . The difference between MS and MMS is that in the former scheme each loop is multiplied by (e γ /4π) ε while in the latter the normalization factor is 1/(4π) ε /Γ(1 + ε), which yields a difference at the two-loop level. It has been shown that in QCD both schemes reproduce the same formula for the mass relation analogous to (5.1) [41] . We have checked that the same holds true for the pole masses in the Standard Model.
Very often the inverse of (5.1) is required. To that end we have to express all MS parameters in terms of on-shell ones. Thus
where the sum runs over all species of particles j = Z, W, H and Π
(1) j stands for the selfenergy of the jth particle with argument m W is given for the same ranges of Higgs mass. As we can see, for a "light" Higgs of mass less than about 200 GeV the two-loop corrections are small as compared to one-loop ones. However at a Higgs mass of about 220 GeV the absolute value of the two-loop correction is of the same size as the to one-loop result, such that the two-loop corrections start to play an essential role. Since this is not much above the currently quoted upper bound [1] our result could affect the reliability of the determination of these bounds.
One of the main questions which remains to be considered is the validity of our results for a light Higgs mass. Since the structure of the one-and two-loop corrections for both massive gauge bosons is very similar, we are going to investigate in the following the problems of convergence of our results for the Z boson only. First of all, we note that the two-loop corrections have smooth behavior for all values of the Higgs mass even down to 100 GeV. In Figs. 7 and 8 we show the dependences of the two-loop corrections of the ratio m
as a function of the Higgs mass and the number of coefficients of expansion (5.2) used for their evaluation. For a light Higgs the difference between the complete results, including all six coefficients of the expansion, and the results obtained by including only the first three of them (leading, next-to-leading and next-to-next-to-leading) are negligibly small. The difference between next-to-leading and next-to-next-to leading is not more 10 Mev. For a heavy Higgs with a mass more than 300 GeV there is no essential differences between the full result and next-to-leading one. Similarly, if we compare the dependence of the twoloop corrections to sin 2 θ W on the number of coefficients of the expansion, illustrated in Figs. 9 and 10, we do not observe any essential difference. For all values of the Higgs mass the difference between the next-to-leading terms and our full results is inessential.
Finally we analyze the Higgs mass dependence of sin 2 θ W . The relation between the MS weak mixing parameter and its version in terms of the pole masses reads
where we adopted the notation, m
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A The one-loop master integral and its ε-expansion
For the two-loop calculation we have to take into account the part proportional to ε of the one-loop propagator type integral
where d = 4 − 2ε. Its finite part has been presented in [42] , the O(ε)-part in [43] and an all order ε-expansion was obtained in [44] . We write the ε-part of J in the form suitable for the FORM implementation
where ∆ = 2m 
. The expansion (A.2) is directly applicable in the region where ∆ ≥ 0, i.e. when (
For the region ∆ ≤ 0 we need the proper analytic continuation which has been given in [45] . It reads 4) where ρ 1 and ρ 2 are arbitrary numbers, .5) and the choice of the sign σ = ±1 is related to the causal "+i0" prescription for the propagators. The transition from the bare parameters to the renormalized ones requires differentiations of the one-loop propagators with respect to all parameters, couplings, masses and external momentum. The integrals obtained thereby can be reduces again to integrals of type (A.2) plus simpler bubble integrals. The expansion of the propagators with respect to small parameters (ratios of the masses or momenta and masses) can be extracted from the exact analytical results written in terms of hyper-geometric functions (see [46] ).
B MS vs. pole masses at one-loop
In this Appendix we present, for completeness, the well know [16] one-loop relations between pole and MS masses of gauge bosons. Using the following notation
we have
where we have used the following function:
C Unrenormalized one-loop expressions in d dimension
Computation of higher loop corrections requires the deeper expansion in ε of lower order terms. In this Appendix we present for completness the results for unrenormalized one-loop corrections to the relation between pole and MS masses of the gauge bosons in arbitrary dimension d without expanding it in ε. Using the following notation
In above formulae we use the following functions and calculate analytically the first six coefficients. This is not a naive Taylor expansion. The general rules for asymptotic expansions [12] allow us to extract also logarithmic dependences, or in other words, to preserve all analytical properties of the original diagrams. In the result of the asymptotic expansion all propagator diagrams are reduced to single scale massive diagrams (including the two-loop bubbles). As a consequence, the finite as well as the ε-part of the corresponding diagrams, are characterized by a restricted set of transcendental numbers [47] which may appear in the coefficients A i,j . We find the following constants: (5.2) used for their evaluation. "-1" means the value, obtained from first two coefficients (up to next-to-leading order), "0" means that we take into account the first three coefficients, and "3" is a complete result. (5.2) used for their evaluation. "-2" corresponds to leading order, "-1" denotes the value obtained from the first two coefficients (up to next-to-leading order) and "3" is a complete result. Z as a function of the Higgs mass (light Higgs) and the number of coefficients of expansion with respect to sin 2 θ W . "-2", "-1" and "3" mean that we take only leading order, next-to-leading order and complete result. Z as a function of the Higgs mass (heavy Higgs) and the number of coefficients of expansion with respect to sin 2 θ W . "-2", "-1" and "3" mean that we take only leading order, next-to-leading order and complete result. 
